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Abstract. Given a unipotent bundle of smooth manifolds we construct its sec- 
ondary transfer map and show that this map determines the higher smooth tor- 
sion of the bundle. This approach to higher torsion provides a new perspective 
on some of its properties. In particular it yields in a natural way a formula for 
torsion of a composition of two bundles. 
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1. Introduction 

By a smooth bundle of manifolds we will understand here a smooth submersion 
p: E ^ B where E and B are smooth compact manifolds. A smooth bundle with 
the fiber F is unipotent if B is path connected and the graded vector space H^{F; Q) 
admits a filtration such that niB acts trivially on the filtration quotients. Igusa and 
Klein [8, 1 1] showed using fiberwise Morse theory that to any unipotent bundle one 
can associate the higher torsion invariant which depends not only on the topological 
structure of p, but also on its smooth structure. Higher torsion proved to be a useful 
tool in the study of smooth bundles. In [7] Igusa showed, for example, that that it 
can be used to detect exotic disc bundles constructed by Hatcher. 

In [2] and [1] the present authors in collaboration with Klein and Williams extended 
ideas of Dwyer, Weiss, and Williams [5] to obtain an alternative construction of 
torsion of unipotent bundles based on the machinery of homotopy theory. This 
construction can be briefly described as follows. Let ^(Q) be the infinite loop 
space underlying the algebraic /T-theory spectrum of the field of rational numbers. 
Given a smooth bundle p: E ^ B we can construct a map Cp'. B ^ K{Q) which, 
roughly speaking, assigns to each b e B the point of K{Q) represented by the 
singular chain complex Ctip'^ib); Q). The smooth Riemann-Roch theorem of [5] 
implies that Cp admits a factorization 




B KiQ) 



where QiE+) = Q~i:°°(£'+), p- is the Becker-Gottlieb transfer and Ae is the lin- 
earization map (3.1). 

If is a unipotent bundle then the map Cp is homotopic via a preferred homotopy to 
a constant map. As a consequence we obtain a lift of p- to the space Wh|^(£') which 
is the homotopy fiber of Ae- This lift r\p) is the smooth torsion of the bundle p. 

The homopy class of T^(p) is an invariant of the smooth structure of p in the fol- 
lowing sense. If /?':£"—> B is another smooth bundle and / : £" ^ £" is a smooth 
bundle map then / induces a map 

/. : Wh?(£') ^ Whf(E) 

The map f*T\p') need not be homotopic to T%p) in general, but this property does 
hold provided that / is a fiberwise diffeomorphism of bundles. 
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The map T%p) gives rise to a certain cohomology class 

f{p) € H'^^B; R) 

k>0 

[1, 4.10] which we will call the cohomological torsion of the bundle p. 

In [9, Section 9] Igusa showed that the cohomological torsion of the composi- 
tion pq can be, in some cases, computed from the torsion of the bundles p and q. 
Namely, if q is an oriented linear sphere bundle then we have 

(1-1) r\pq) = x{Fq)t\p) + t4it\q)) 

where e Z is the Euler characteristic of the fiber of q and 

trf : H*{E;W) H*{B;R) 

is the transfer map associated to In [9] Igusa calls the formula (1-1) the trans- 
fer axiom and shows that taken together with a few other properties it uniquely 
determines the cohomological torsion. 

Igusa's arguments can be used to show that the formula (1-1) holds under more 
general conditions on p and q, e.g. if dimensions of fibers of these bundles have 
the same parity. In [1, Thm 7.1] we verified that the same is true in the case when p 
is an abitrary unipotent bundle and q satisfies the assumptions of the Leray-Hirsch 
isomorphism theorem. One of our goals in this paper is to show that this formula 
holds in general: 

1.1. Theorem. The formula (1-1) holds for any unipotent bundles p: E ^ B and 
q: D ^ E. 



In order to prove Theorem 1.1 we develop a new construction of smooth torsion 
based on the notion of the secondary transfer of unipotent bundles. The starting 
point for this construction is the following 



1.2. Theorem. Given a smooth bundle of compact manifolds p: E 
Fp consider the diagram 



B with fiber 



(1-2) 



e(B+) 



^(Q) 



Q{p'-) 



X(Fp) 



where the lower horizontal map is given by the multiplication by the Euler char- 
acteristic xiFp) ^ of Fp and the upper horizontal map is the Becker-Gottlieb 



In [14] Ma showed that an analogous formula is satisfied by the higher analytical torsion of 
Bismit and Lott. 
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transfer of p. If p is a unipotent bundle then this diagram commutes up to a pre- 
ferred homotopy 

rip - X [0, 1] ^ /:(Q) 

For a unipotent bundle p: E ^ B the homotopy rjp defines a map of homotopy 
fibers 

Wh?(p'): Wh?(B)^Wh?(£) 
This map is the smooth secondary transfer of the bundle p. 

The smooth secondary transfer shares some of the basic properties of the Becker- 
Gottlieb transfer. It is additive (7.3) and it preserves composition of bundles: 

1.3. Theorem. Ifp.E^B and q: D E are unipotent bundles then 

Wh%pq)-) ^Wh%') oWh%') 

The relationship between the smooth secondary transfer and the smooth torsion is 
as follows. If B is a compact, smooth manifold then the identity map id^ . B ^ B 
is a unipotent bundle. We have 

1.4. Theorem. If p: E ^ B is a unipotent bundle then 

t\p) - Wh?(p') O T-^(idB) 

This shows that the smooth secondary transfer of a unipotent bundle determines 
the smooth torsion of the bundle. 

Combining Theorems 1.4 and 1.3 we obtain 

1.5. Corollary. If p: E ^ B and q: D ^ E are unipotent bundles then 

T\pq) - Wh?(^') o t\p) 

Theorem 1 . 1 can be obtained as a direct consequence of this fact. Notice that in 
this way we exhibit the simple principle underlying the formula (1-1): the torsion 
of a composition of bundles p and g is a composition of two maps, one depending 
on p and the other on q. 

1.6. Organization of the paper. Section 2 contains a brief review of Waldhausen 
categories which provide the technical setting for most of the construction of this 
paper. In Section 3 we take a closer look at the statement of Theorem 1 .2. We show 
that this theorem follows from a more general fact (Proposition 3.5) which applies 
to all unipotent fibrations, and not just unipotent bundles. The proof of Proposition 
3.5 depends on a theorem of Brown? which states that the singular chain complex 
of the total space of a fibration is quasi-isomorphic to a twisted tensor product of 



See also [10] for a nice description of the relationship of Brown's work to the higher torsion of 
Igusa-Klein. 
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the chain complexes of the base and the fiber. In Section 4 we give an overview of 
this result and describe some properties of Brown's quasi-isomorphism. Section 5 
contains the proof of Proposition 3.5, which lets us complete the construction the 
smooth secondary transfer Wh|p(p') of a unipotent bundle p. We also construct 
there the homotopy secondary transfer Wh^ip') that exists for any unipotent fi- 
bration p. The main difference between these two notions of secondary transfers 
is that while the smooth transfer depends on the smooth structure of the bundle, 
the homotopy transfer is in fact a fiberwise homotopy invariant (§6). In Section 7 
we obtain additivity formulas for both smooth and homotopy secondary transfers, 
and in Sections 8 and 9 we study secondary transfers of compositions of unipo- 
tent bundles and fibrations. This leads us to the proof of Theorem 1.3 and of its 
analog (8.1) for the homotopy secondary transfer. Finally, in Section 10 we prove 
the relationship between the smooth secondary transfer and the smooth torsion of 
a bundle p described by Theorem 1.4. We also show that it implies the statement 
on Theorem 1.1. 

Several argument of the paper involve constructions of maps between homotopy 
fibers and constructions of homotopies of such maps. The appendix (§11) gives 
the basic outUne of such constructions. 



2. Technical setup 

A great majority of constructions described in this paper is set within the realm 
of Waldhausen categories [16], i.e. categories with equivalences and cofibrations 
satisfying certain axioms. Our basic setup in this respect will be largely the same 
as that of [1, Section 3], so we summarize it here only briefly. Given a Waldhausen 
category C we will denote by K{Q) the ^-theory of S. The standard construction 
of K{Q) proceeds using the Waldhausen S,-construction. For our purposes it will 
be more convenient though to use its variant, the -construction described by 
Blumberg and Mandel in [3, §2]. 

A functor F : C — > D of Waldhausen categories is exact if it preserves weak equiv- 
alences, cofibrations and pushouts of diagrams 

(2-1) c' ^ c ^ c" 

where one of the morphisms is a cofibration. Any such functor induces a map of 
infinite loop spaces K{F): K{Q) — > K{T)). The advantage of working with the §',- 
construction is that we can obtain the map K{F) under more relaxed assumptions 
on the functor F. Namely, following the terminology of [1, 3.4] we will also say 
that a functor F is almost exact if it preserves weak equivalences and cofibrations, 
and if it preserves pushouts of diagrams (2-1) up to a weak equivalence. An almost 
exact functor induces a functor of simplicial categories F : S^C — > §',T>, and so it 
yields a map K(F) : ^:(e) ^ K{V). 
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We will work mainly with two specific instances of Waldhausen categories. For a 
topological space X the category Jl^^{X) has as its objects homotopy finitely domi- 
nated retractive spaces over X, while its morphisms are maps of retractive spaces. 
It is a Waldhausen category with cofibrations given by closed embeddings hav- 
ing the homotopy extension property and weak equivalences defined as homotopy 
equivalences. The /T-theory of is the Waldhausen algebraic A'-theory space 

of X denoted it by A(X) I 

Next, let Qhf'^iQ) denote the category of homotopy finitely dominated chain com- 
plexes of Q-vector spaces. This is a Waldhausen category with degreewise mono- 
morphisms as cofibrations and quasi-isomorphisms as weak equivalences. We will 
denote by K{Q) the iiT-theory of CZ/^'CQ). This space describes the algebraic K- 
theory of Q: KiQ) ^ QBGL(Q)+. 

As we have already mentioned exact and almost exact functors between Wald- 
hausen categories define maps between their associated A'-theories. We will fre- 
quently need to construct homotopies of such maps. There are two main sources of 
such constructions. First, if F,G: C ^ D are (almost) exact functors then a natural 
weak equivalence ip: F ^ G defines a homotopy K{(p) between the induced maps 
K{F) and K{G). Second, if F, : C — > D are (almost) exact functors for / = 0, 1,2 
and if. Fq ^ Fi, tf/: Fi ^ F2 are natural transformations such that 



is a cofibration sequence for each c e C, then the addivity theorem of Waldhausen 
[16, Theorem 1.4.2] provides a homotopy between the map K{Fi) and K{Fo V 
F2). A convenient combinatorial construction of this homotopy has been given by 
Grayson in [6]. 

Our work will require us to go a step further beyond homotopies and consider 
homotopies of homotopies. If /i,/2 : X — > F are two maps between topological 
spaces and hi, h2 : Xxl — > Y are homotopies between /i and /2 then by a homotopy 
of homotopies we will understand a map H: XxIxI^Y such that 



In our constructions of homotopies of homotopies we will always have Y - K(Q). 
The homotopies of homotopies we will consider will come from the following 
sources: 



If X is a path connected space then by abuse of notation by yI''{X) we will understand the 
Waldhausen category of path connected retractive spaces over X. From the perspective of A'-theory 
this change is of little consequence: the functor that embeds this category into the category of all 
retractive spaces over X induces a homotopy equivalence of the associated A^-theory spaces. 



Fo(c) A Flic) A F2{c) 
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If Fi , F2 : C — > 3v (Q) are (almost) exact functors, (pi,(p2- F\ ^ F2 are natural 
weak equivalences and O is a natural chain homotopy between (p\ and ip2, then 
O defines a homotopy of homotopies A'(O) between ^(^1) and K(ip2). 
Assume that we have functors Fi, G,- : C ^ Ol^^iQ) {i = 0, 1, 2) and that we have 
a commutative diagram of natural transformations 



■F2 



no 



11 



m 



Go 



77^ G2 



f " if' 

where both rows are cofibration sequences. This yields a diagram 

u 



K{Fi) 
K(m) 
K{Gi) 



u 



K{Fo) + K{F2) 
K{Go) + K{G2) 



In this diagram every vertex represents a map K{Q) — > K{Q) and each edge is a 
homotopy of such maps. In this setting there exists a homotopy of homotopies 
that fills this diagram, i.e. a homotopy of homotopies between the concatenation 
of U with K{r]Q) + K{r]2) and the concatenation of K{t]\) with U. 



3. The linearization map and the A-theory transfer 



3.1. In preparation for the proof of Theorem 1.2 we start this section by review- 
ing briefly the construction of the linearization map Ab'- Q{B+) K{Q). For an 
arbitrary space B we have an assembly map ag '■ QiB+) MB)- If B is a smooth 
manifold this map has a convenient combinatorial description that relies on Wald- 
hausen's construction of QiB+) using "partitions" [2, §3]. 

Next, for any space B we have the A-theory linearization map /l^ : A(B) K(Q). 
The construction of this map proceeds as follows. Recall that the spaces A(B) 
and K{Q) are constructed from the Waldhausen categories Jlf^{B) and C//'^(Q). 
Consider the functor 

Ab : 3lfi'(B) ei/'^iQ) 

that assigns to a retractive space X the relative singular chain complex C*(X, B). 
This functor is almost exact, so it induces a map /l^ : A(B) K{Q). The lineariza- 
tion map Ab : QiB+) K{Q) is given by the composition 

Ab - AgUB 

3.2. Assume now that we have a fibration p: E ^ B. For a retractive space X € 
"Rf^B) let p*X denote the pullback 

p*X ■- hm(X B^E) 
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The assignment X i-> p*X defines an exact functor Jl^'^B) — > Oif^{E). We will call 
the induced map A(p-) : A(B) — > A(E) the A-theory transfer of p. 

3.3. Let p: E ^ B be a. fibration with a homotopy finitely dominated fiber Fp. 
The maps described above can be assembled into a diagram 

Qip') 

QiB^) > Q{E^) 



as 



(3-1) 



A{p') 

A{B) > A{E) 



The outer rectangle in this diagram coincides with the diagram (1-2). li p: E ^ 
B is a smooth bundle then using the combinatorial construction of the Becker- 
Gottlieb transfer described in [2, §4.2] we get that the upper square in the diagram 
(3-1) commutes'! In order to obtain Theorem 1.2 it is then enough to show that the 
lower square of (3-1) is homotopy commutative. We will show that this fact holds 
for any unipotent fibration p: 

3.4. Definition. A fibration p: E ^ B is unipotent if B is a path connected space, 
both B and the fiber Fp of p have the homotopy type of a finite CW-complex, 
and Ht{Fp) admits a filtration by ;ri5-modules such that the action of tt iB on the 
filtration quotients is trivial. 

3.5. Proposition. Let p: E ^ B be a unipotent fibration with fiber Fp. The dia- 
gram 

A(p') 

A{B) > A{E) 



(3-2) 



4 



^(Q) — — ^ ^(Q) 

XiFp) 



commutes up to a preferred homotopy rjp : A{B) X / — > ^(Q). 
The proof of Proposition 3.5 will be given in Section 5. 



While all maps in the upper square of (3-1) are defined for any fibration, smoothness of p is 
essential for its commutativity. This diagram will not commute, in general, when p is a fibration. 
See e.g. the proof of Theorem F in [12] 
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The main ingredient of the proof of Proposition 3.5 is the fact that given a unipotent 
fibration p: E B with fiber Fp we can describe a preferred path in K(Q) joining 
the points represented by the chain complex C^{E) and the chain complex C*(B) ® 
Ht{Fp). This path is natural enough that it gives rise to a homotopy filling the 
diagram (3-2). Our main tool in the construction of this path will be the theorem 
of Brown [4] which shows that the chain complex C,(£') is quasi-isomorphic to a 
twisted tensor product C*{B) H^iFp). We begin this section by reviewing the 
relevant notions in homological algebra. Subsequently we describe Brown's result 
and develop some of its properties that we will need later on. 



4.1. Twisting cochains and twisted tensor products. Let A be a differential graded 
Q-algebra with multiplication fx: A^A A, and let Kbe a. d.g. Q-coalgebra with 
comultiplication V : K ^ K ® K. Given homomorphisms of graded vector spaces 
(p,ifj: K ^ A the cup product ipVJip: TiT — > A is given by the formula 

If M is a left A-module with multiplication v: AigiM M then for (fi as above and 
c e K ® M the cap product ipnceK^Mis given by 

<p nc :- (id a: ® v)(idA: ® ^ ® idM)(V ® idM)(c) 

The map 

ipr\-: K®M^K®M, cH^^nc 
is a homomophism of graded vector spaces. 

4.2. Definition. Let A, K, M be respectively a d.g. Q-algebra, coalgebra, and a left 
A-module as above. 

(i) A twisting cochain is a homomorphism of graded vector spaces (p: K ^ A that 
lowers grading by 1 and satisfies the identity 

dip — ipd + ip^(f = Q 

(ii) If ^ : TiT — > A is a twisting cochain then the twisted tensor product ®p M is 
a chain complex such that K M = K ® M as a. graded vector space, and the 
differential in K iS>^ M is given by 

(4-1) d^:- di^id + id® d + ipn - 



4.3. Twisted chain complex of a fibration. Let X be a topological space with the 
basepoint xq. By C^(X) we will denote the subcomplex of the singular chain com- 
plex C»{X) generated by all singular simplices cr: A" — > X that send all vertices of 
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A" into xq. If X is a path connected space then the inclusion C^(X) > C*(X) is a 
chain homotopy equivalence. The chain complex C'^{X) can be equipped with the 
usual d.g. coalgebra structure with comultiplication V: C^(X) ® C'^(X) C'^{X) 
defined by V(o") = Tj'i=Q Mc) ® b„-^i(cr) where cr e C'„(X) is a singular ?i-simplex 
and fi{cr), bn-iicr) denote, respectively, the front /-th face and the back (n - i)-th 
face of cr. 

For a space X we can also consider its associated d.g. homology algebra End(//,(X)) 
defined as follows. Let End„(//*(X)) denote the vector space of all maps of graded 
vector spaces //*(X) that increase the grading by n, and let 

End(//,(X)) = End„(//,(X)) 

n>0 

We view End(//,(X)) as a chain complex with trivial differentials. The d.g. algebra 
structure on End(//,(X)) comes from composition of maps. Naturally //*(X) is a 
module over this d.g. algebra. 

The main result of [4] is that given a fibration p: E ^ B with a path connected 
base space and a fiber Fp we can find a twisting cochain ipp : C^(S) — > End(//H.(Fp)) 
such that the twisted tensor product C'^{B)®^^^H^{F p) is naturally quasi-isomorphic 
to Ct{E). For our purposes it will be convenient to state this fact in the following 
form. Let denote the category of path connected, pointed spaces, and S*iB be 
the over category of over a space B. Given a fibration p: E ^ B and an object 
X e S,J,B denote by px '■ p*X X the fibration induced from p. 

4.4. Theorem. Let p: E —> B be a fibration with a path connected base B and a 
fiber Fp. 

1 ) For every X e S, J- ^ there exists a twisting cochain 

iPp, : C'M) ^ End(//,(Fp)) 

and a quasi-isomorphism 

Pp, : C.{p*X) A CM) H.iFp) 

2) On Cj(X) the twisting cochain (pp^ : C[{X) — > Endo(//*(-Fp)) is given as follows. 
If (T is a singular simplex in Cj(X) then cr is a loop in X, and so it represents an 
element [cr] e n\X. For z £ Ht{Fp) we have 

fpx('^)(z) = [cr]z - Z 

where the product [cr]z is defined by the action ofniX on H^{Fp). 

3) The assignment X C'M) '^•fp^ H*{Fp) defines a functor 

F: §UB^eh{Q) 

where C/j(Q) is the category of chain complexes over Q. Iff : X ^ Y is a morphism 
in §>tiB then F{f) = f* ® idH,{Fp)- 
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4} The quasi-isomorphisms /3p^ define a natural transformation offimctors. 

4.5. Notation. For simplicity from now on we will write C^(X) Ht,{Fp) to 
denote the complex C'^{X) H^iFp). 

4.6. While we refer to Brown's paper [4] for the proof of Theorem 4.4, a few 
comments will be useful later on. Brown constructs the quasi-isomorphisms /3p^ in 
two stages. First, he shows that given a path connected space X one can construct 
in a natural way a twisting cochain if/x- C'^{X) C*(nX) [4, Theorem 4.1]. The 
action of Q.X on the fiber Fp of px defines a CH.(QX)-module structure on Ct{Fp). 
Brown shows [4, Theorem 4.2] that the twisted tensor product C^(X) i^i^^ Ct.{Fp) 
is chain homotopic to Ct{p*X) via a chain homotopy that is natural in X. A minor 
technical point here is that in order to get a suitable action of Q.X on Fp one needs 
to specify a weakly transitive lifting function for the fibration p. This can be taken 
care of by first replacing the fibration p: E B by the homotopy equivalent 
fibration p : PB Xb E ^ B where PB is the space of Moore paths in B. The 
fibration p admits a canonical lifting function [4, p.225] which can be used to get 
a chain homotopy equivalence 

C,{p*X) A C,{p*X) C:{X) C,{Fp) 

where Fp is the fiber of p. Since Fp - Fp we have Ci,{Fp) - Ct{Fp)? 

To complete the construction of Px it suffices to show that we have quasi-isomor- 
phisms 

C'XX) C.{Fp) A C'M) ®p, H,{Fp) 
One can proceed as follows. Using the fact that we deal here with chain complexes 
over a field we can find chain maps 

JF,- H^{Fp) ^ C^Fp): rp^ 

such that for z £ H^iFp) = p) the element j>p(z) e C*{Fp) is a chain repre- 
senting z, rpjF, = idft(Fp)> and jp^rp^ - idc.(fp)- The maps and rp^ define a 
strong deformation retraction of (untwisted) tensor products 

id ® jp^ : CiX) ® H,{Fp) T± CUX) ® C,{Fp) : id ® rp^, 

The Basic Perturbation Lemma (see e.g. [13, 2.6]) shows that in such situation 
there is a twisting cochain : C'^,{X) End(//*(Fp)) and a strong deformation 
retraction of twisted tensor products 

(id ® jp^,r : CliX) ®p, H,{Fp) T± C'SX) C.iFp) : (id ® rp^ 

Following our convention (4.5) by C^(X) H^{Fp) we denote here the complex 
Ci(X) Ht(Fp). We define ySp^ as the composition 

/3p, : aip*X) > diX) C.iFp) > diX) ®p, H,{Fp) 



In [4] Brown gives a quasi-isomorphism going in the opposite direction, C',{X) C,(Fp) — > 
C,(p'X). However, since his argument relies on the method of acyclic models it also produces a 
natural homotopy inverse of that map, and we work here with this inverse for convenience. 
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4.7. Homological filtration. Let ^ : A' — > A be a twisting cochain and let M be an 

A-module. Directly from the definition of a twisted tensor product it follows that 
the chain complex K®ip M admits an increasing filtration 

where U„ := (®^<„ Kq) ®^ M. In the case where M has trivial differentials we 
have also a decreasing filtration 

K (gi^ M = Lo D Li D . . . 

given by L„ := K (^^^^^ Mq). Since we will consider this filtration in the 
situation where M is the homology of some chain complex we will call it the ho- 
mological filtration of K M. 

Let p: E Bbe a. fibration with fiber Fp, let X e S, J, B, and let {Ln{px)} denote 
the homological filtration of the chain complex C'^,{X) H^,{Fp). We will need 
an explicit description of the quotients Lnipx)/Ln+i{px)- On the level of graded 
vector spaces we have isomorphisms 

Ln{px)/L„^dpx) = C:{X)®H„{Fp) 

In order to describe the differential in the filtration quotients notice that the differ- 
ential in C'^(X) <^p^ Ht,{Fp) is given by 

n 

1=0 

where cr is a singular simplex in C^(X), z £ H^{Fp) and fiicr), b„-i{cr) are the i-th 
front face and the {n - i)-th back face of cr. Using part 2) of Theorem 4.4 we get 
from here 

5(o-(8)z) - do- ® z + fn-i(o-) ^ ([bi(o-)]z - z) (mod L„+i(px)) 
As a consequence we obtain 

4.8. Proposition. Let p: E ^ B be a fibration with a fiber Fp. For X e §^ IB let 

C'^,{X) ®;riX Hn{Fp) denote the chain complex such that 

(CiX) ®,,x Hn{Fp))t - Cl^iX) ® H„{Fp) 

and with difi^erential given by 

d{o- ®z) = do-^z + fn-iicr) ® ([^i(<t)]z - z) 

for a singular simplex cr € C^(X) and z £ H„{Fp). We have a canonical isomor- 
phism 

CiX) ®„^x HniFp) = Ln{px)IL„^i{px) 



fflGHER TORSION AND SECONDARY TRANSFER OF UNIPOTENT BUNDLES 13 

4.9. Maps of fibrations. Assume that that we have a map of fibrations over B: 

E > D 




VorX € samlet gx' p*X 
Consider the diagram 



q*X be the map of the induced fibrations over X. 



C,{p*X) 



C:(X) H,{F„) 



gx. 



C,iq*X) 



where Fp, Fq denote, respectively, the fibers of p and q. We would like to construct 
a natural lower horizontal map that makes this diagram commute up to a homotopy. 
The obvious candidate for such map is id ® {g\Fp)*, where the homomorphism 
{g\Fp)* '■ Ht{Fp) — > Ht{Fq) is induced by restriction of g to the fibers, but this 
map is not a chain map in general. We can, however, proceed as follows. By the 
construction of quasi-isomorphisms and (4.6) we have a diagram 



C,{p*X) 



gx. 



C,{q*X) 



(4-2) 



CiiX) C.iFp) ^ C'SX) a{Fq) 



(id ®rf J" 



(id®rf„r 



C:(X) H^iFp) > CM) H,{Fq) 



The compositions of the vertical maps give and The upper square com- 
mutes by the naturality properties of Brown's theorem [4, Theorem 4.2]. Recall 
that the map (id ® rf^)co is a part of the strong deformation retraction data 

(id ® : diX) ®p, H,{Fp) T± C'SX) C{Fp) : (id ® rp^ 

Define a map g~ : C'M) ®p, H,{Fp) ^ C'M) %x H.{Fq) by 

■- (id (g) rfq)°° o (id ® g^) o {id (g) 7>^,)°° 

The lower square in the diagram (4-2) commutes then up to a chain homotopy. The 
Basic Perturbation Lemma gives explicit formulas for this chain homotopy and for 
the maps {id®rfq)°° and (/J® jFp)°°- Direct computations involving these formulas 
yield the following 
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4.10. Proposition. Let B be a pointed, path connected space. Let p : E —> B and 
q.D^B be fibrations, and let g: E ^ D be map of fibrations. 

1 ) The maps g'^ define a natural transformation of functors J, B — > Ch{Q). 

2 ) The diagram 

C,{p*X) ■ > C,{q*X) 



CiiX) H,(Fp) > diX) H,{F,) 

commutes up to a chain homotopy that is natural in X. 

3) For X e StiB consider the homological filtrations {Ln{px)} and {L„{qx)] of the 
complexes C'^,{X) H^iFp) and, respectively, C'^,{X) Ht.{Fq) (4.7). The map 
preserves these filtrations. Also, for every n the following diagram commutes: 



Ln(px)/Ln-l(px) 



Sx 



Ln(qx)/Ln-i(qx) 



The vertical isomorphisms in this diagram come from Proposition 4.8. 



5. The SECONDARY TRANSFER 



We are now ready to give 



Proof of Proposition 3.5. Consider the diagram (3-2). We want to construct a ho- 
motopy hp between the maps A'^A{p') and;^'(Fp)/^g. The combinatorial description 
of the linearization and the A-theory transfer given in Section 3 shows that the map 
/l^A(p') is induced by the functor 

<D: Jl^^'iB) e//'^(Q) 

that assigns to a retractive space X the relative chain complex C^{p*X,E). On the 
other hand the map xiFp)'^'^^ is induced by the functor 

4^: Jl^'^iB) ehf'\Q) 

given by ^(X) = C^{X,B) ® Ht{Fp). We will build a sequence of intermediate 
functors joining O and ^. 
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First, for X e Jl^''{B) the inclusion map ix'- B ^ X induces an inclusion ix'- E ^ 
p*X. The naturality of the quasi-isomorphisms /3p^ described in Theorem 4.4 im- 
plies that we have a commutative diagram 

CiE) > C,ip*X) 

Define 

CiiX, B) H^iFp) := coker(/x* ® id) 
The assignment X i-> C^(X, B) <Sip^ H^iFp) defines an almost exact functor 

and the natural quasi-isomorphisms 

I3p, : C,{p*X, E) ^ CiX, B) ®p, H,{Fp) 

define a natural transformation y6: <I> ^ <I>i. Denote by K{Q>i): A{B) K{Q) the 
map induced by Oi. The natural transformation yS defines a homotopy 

(5-1) A],A{p ) - K{<l>y) 

Next, since the map ix* ® id preserves the homological filtrations of the twisted 
tensor products we can define 

ix, ^ id 

Ln(px,p) ■= coker(L„(;7) > L„{px)) 

Proposition 4.8 shows that the filtration quotient Lnipx, p)/En+i{px, p) can be iden- 
tified with the chain complex 

C'SX, B) ®,,x HniFp) - coker(C:(5) H„{Fp) ^ CUX) ®,,x Hn{Fp)) 

Notice that since Fp is a space of the homotopy finite type we have Hq{Fp) - for 
q large enough, and so [Lnipx, p)} is in fact a finite filtration. The assignments X 
Ln{px,p), and X \-> C'^{X,B) ®„^x HniFp) define almost exact functors 3?-^''(B) 
Ql/'^iQ). These functors are connected by natural short exact sequences 

(5-2) ^ Ln^iipx, P) ^ L„{px, p) ^ C:(X, B) ®,,x H„{Fp) ^ 

Let (^2 : Oif'^iB) Qhf'^iQ) denote the almost exact functor given by 

^2(X) := CiX, B) ®,,x HniFp) 

n 

and let ^(02): A{B) K{Q) be the map induced by $2. Applying repeatedly 
Waldhausen's additivity theorem to the sequences (5-2) we obtain a homotopy 

(5-3) ^((Di) - K{(^2) 



fflGHER TORSION AND SECONDARY TRANSFER OF UNIPOTENT BUNDLES 



16 



Assume now for a moment that /? : £ — > B is a fibration with the trivial action of 
niB on Hi:{F). In this case the action of niX on H^iFp) is trivial as well, so we 
have isomophisms 

<:>2iX) = C:{X,B)®H,iFp) 
Since by assumption X and B are path connected spaces we also have natural quasi- 
isomorphisms 

CUX, B) ® H,{Fp) ^ C,(X, B) ® H,{Fp) = 'F(X) 

As a consequence for every X € Ji^'^{B) we obtain <1>2(^) - ^(X) which induces a 
homotopy 

(5-4) K(^2)^x(Fp)A'l, 

Concatenating the homotopies (5-1), (5-3), and (5-4) we get the desired homotopy 

4- 

If p is an arbitrary unipotent fibration we need an additional step to pass between 
the maps i^(<l>2) and x{Fp)A''g. In this case the action of need not be trivial, but 
we have a filtration {V} of H^{Fp) where V is a TTiB-module and the action of n\^B 
on the quotients V'+V V is trivial. This defines a filtration {C^(X, B) ®„^x of the 
complex 02(X). The quotients of this filtration are the (untwisted) tensor products 
C'SX, B) ® (V7 V'-i). Define a functor (D3 : 'Rf'^{B) e//'^(Q) by 

<D3(X) ■.= ^c:{x,B)®(y'iv-') 

i 

Naturally, we also have a filtration {C^(X, B)®V'\ of the untwisted tensor product 
C'^{X, B)®Ht{Fp) and ^t,{X) is the direct sum of the quotients of this filtration. This 
means that using Waldhausen's additivity theorem (and the quasi-isomorphisms 
C'SX, B) ® H^{Fp) ^ C*(X, B) ® H^{Fp)) we get homotopies 

(5-5) ^(<D2)-^(a)3)-;r(Fp)4 

The homotopy rjp is then obtained as a concatenation of the homotopies (5-1), 
(5-3), and (5-5). □ 

Proposition 3.5 and the arguments given in Section 3 complete the proof Theorem 
1.2. 



Let C e Qhf'^iQ) be a chain complex. Notice that our construction of K(Q) lets us 
identify C with a point of K{Q). 

5.1. Definition. Let B be a path connected space and let C e Cf/'^{Q). Denote 
by Wh^(B)c the homotopy fiber of the linearization map taken over the point C £ 
K{Q). 

Wh?(B) := hofib(^B: Q{B^) ^ Kiq))c 
If e e//'^(Q) is the zero chain complex we will denote Wh?(B) Wh?(B)o. 
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Let p: E B be a unipotent bundle with a fiber Fp. By Theorem 1.2 for any 
we have a map 

Wh?(S)c Wh?(£)c«//,(f,) 
This gives rise to the following 

5.2. Definition. The smooth secondary transfer of a unipotent bundle p: E ^ Bis 
the map 

Whfip-): Wh?(S) Wh?(£) 
determined by the Becker-Gottlieb transfer Qip ) and the homotopy rjp given by 
Theorem 1.2. 

It will be convenient to consider a variant of this definition in the setting of unipo- 
tent fibrations: 

5.3. Definition. For a path connected space B let 

Wh^(B):- (4: A(B)^/:(Q))o 
The homotopy secondary transfer of a unipotent fibration p: £ — > B is the map 

Whfip-):WhfiB)^WhfiE) 
determined by the transfer A{p-) and the homotopy rj^ given by Proposition 3.5. 

5.4. Note. Let p: £" — > B be a unipotent fibration with a fiber Fp. The construction 
of the homotopy rjp described in the proof of Proposition 3.5 makes use of a choice 
of a strong deformation retraction H^{Fp) <=^ C^{Fp) and a choice of a unipotent 
filtration {V'\ of H^(Fp). It is straightforward to check though that the homotopy 
class of the map V^h^{p') is independent on these choices, and so it depends on the 
fibration p only. Likewise, if is a unipotent bundle then the homotopy class of 
the smooth secondary transfer Wh^(j)') depends only on the bundle p. 

6. Homotopy invariance of Wh^{p-) 

Let / : E\ — > £2 be a map of topological spaces. Such map defines an exact functor 
of Waldhausen categories 

0{f''iE,) ^ 3lf\E2) 

given by f*(X) - X U^, E2 for X e Ol^'^iEi). This functor in turn induces a map 
/* : A{Ei) A{E2). Consider the diagram 

A{EO > A{E2) 
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Recall that the map A''^^ is induced by the functor Ol^'^iEi) e//''(Q) given by 
X C*(X, ^i). Similarly, the map /l^^/* comes from the functor defined by X i-^ 
C*(X E2,E2). The natural quasi-isomorphisms Ct{X,E\) C*(X U^, £2, £2) 
define a homotopy hf between /i^^ and /l^^/*- As a result we obtain a map 

Wh^(£i)^WhJ(£2) 
Our goal in this section is to prove the following 

6.1. Proposition. For i - \,2 let pi \ Ei B be a unipotent fibration, and let 
f : El ^ E2 be afiberwise homotopy equivalence. There is a homotopy 

f.Wh^iPi) - V^hfip[) 

Proof. Let Fp. denote the fiber of pi. Using (11.2) we see that in order to obtain 
the desired homotopy it is enough to construct the following data: 

1) a homotopy : A{B) x I ^ M^i) between f*A{p[) and A{p:^y, 

2) a homotopy : K{Q) x I ^ K{Q) between the maps;^(Fp,) andxiFp^); 

3) a homotopy of homotopies that fills the following diagram: 

4 Hf 

^'lM{p\) ^ 4/(/'2) 

/i/o(A(pj)xid/) 

(6-1) 4A^p\) 

Each vertex of this diagram represents a map A{B) — > K{Q) and edges represent 
homotopies of such maps. 

1) Construction ofH^. The map /*A(/7- ) comes from the functor Jl^'^{B) Jlf^{E2) 
given by X i-> f*p\X while A{p^-:^ is induced by the functor X 1-^ Since / is a 
fiberwise homotopy equivalence the natural maps f*p\X — > induced by / are 
weak equivalences, and so they define the homotopy H^. 

2) Construction ofH^. Recall that for / = 1, 2 the map xi^i) is induced by functor 
e/Z-^CQ) ^ ehf^'iQ) given by C C ® Since the map /If, : Fi ^ F2 is a 
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homotopy equivalence it induces an isomorphism of homology groups of the fibers 

This gives a natural isomorphism of functors 

The homotopy is defined by this natural isomorphism. 

3) Construction of the homotopy of homotopies. In order to show that the diagram 
(6-1) can be filled by a homotopy of homotopies we replace it first by the following 
diagram of functors: 

C,{f,p\X,E2) > C,{plX,E2) 




C'SX, B) ® H,(Fp^) — — > C:(X, B) ® H,{Fp^) 



Each vertex of this diagram represents a functor Jif'^iB) — > C//'^(Q). The edges 
represent natural weak equivalences, with the exception of the lowest vertical edges 
where the passage between functors is obtained using additivity. The outer edges 
of this diagram correspond to the homotopies in the diagram (6-1). The maps ySp,^ 
and /3p2^ are the Brown quasi-isomorpshisms (4.4) and the maps f^ come from 
Proposition 4.10. 

In order to show that the diagram (6-1) can be filled by a homotopy of homotopies 
it is enough to show that each of the subdiagrams (l)-(3) in the above diagram of 
functors can be filled by a homotopy of homotopies. In the case of subdiagram 
(1) such a homotopy of homotopies exist since this subdiagram commutes. By 
Proposition 4.10 subdiagram (2) commutes up to a natural chain homotopy, so it 
again can be filled by a homotopy of homotopies. Proposition 4.10 says also that 
the maps f^ preserve the homological filtration of the twisted tensor products and 
that they induce the map id (/|fi)* on the filtration quotients. This, together 
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with the fact that the map (JIfi)* '■ ^*(^2) is an isomorphism of niB- 

modules, implies that we also have a homotopy of homotopies filling subdiagram 
(3). 

□ 



7. ADDmVITY OF THE SECONDARY TRANSFER 

Our goal of this section is to prove that secondary transfer maps have additivity 
properties that are analogous to additivity of the Becker-Gottlieb transfer and the 
A-theory transfer. We start by considering additivity of the homotopy secondary 
transfer: 

7.1. Theorem. For i = 0,1,2 let pi : Ei ^ B be a unipotent fibration. Assume that 
we have maps offibrations 

E\ i £"0 > E2 




B 

where j is a cofibration over B. Let E := Ei U^p E2 and let p: E —> B be the 
fibration given by p := p\ Up^ p2. Then p is a unipotent fibration and we have 

(7-1) mi^{p y\ = [^i*WhJ(7?i)] + fe*Wh^(/72)] - [^o*Wh^(;7o)] 

Here ki^, : Wh^(£',) — > Wh^'^(£) is induced by the map ki : E. 

7.2. Lemma. Consider a diagram of chain complexes 

f 

A—^B 

8 g' 
i i 

A' >B' 

that commutes up to a chain homotopy h. There exists a map g' : Cyl(/) —> B' 
such that the diagram 

A > Cyl(/) 

s g' 
A' > B' 

commutes. Moreover g' is chain homotopic to the composition 

Cyl(/) -^B^B' 
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Proof. Recall that Cyl(/)„ = An ® A„_i © B„. The map g'^ : Cyl(/)„ ^ is given 
by 

f;,(ai,a2,^) = /'^(ai) +/z(a2) +/(^) 
The second statement of the lemma is easy to verify. □ 



Proof of Theorem 7.1. The strategy of our proof is as follows. We will construct 
maps /i : Wh^(B) ^ Wh^(£i) and fi: WhJ(5) ^ WhJ(£) such that {kx4x\ = 
[fi]- We will also show that 

[Wh^(pi)] - U.Wh'^iPo)] + [fi] and [Wh^(p')] - fe^WhJCp^)] + [/2] 

Since = ^i7 the first of these equations will give 

[/ci^Wh^CPi)] - [/co*WhJ(p-)] + [hj,] = [%WhJ(po)] + [/2] 

which, combined with the second equation, will yield the formula (7-1). 



The construction of the map /i will proceed following the scheme outlined in 

ft 



(11.1). First, we will construct a map ff : A{B) — > A(£'i). Subsequently we will 



consider the diagram 



(7-2) 



A{B) > A{Ei) 



is 



El 



;t(Cone(;|f„.)) 

Here Cone{j\fgt) denotes the mapping cone of the map UIfq)* '■ fi*{Po) H*{Fi), 
and the map 

is induced by the functor S//'^(Q) — > S//'^(Q) given by tensoring by Cone(j|fQH.)- 
We will show that the diagram (7-2) commutes up to a preferred homotopy h^. 
This homotopy together with the map ff will define the map /i . 

In order to obtain the map f^ recall that the map jtAip'^) is induced by the functor 
that assigns to a space X e H^'^iB) the space jtP^X € Ol^'^iEi), and that the map 
A{p\) is induced by the functor X i-^ p^X. For X e Jlfi\B) we have a cofibration 
jtPgX p*X. Let Mx e Jl^'^{Ei) denote the cofiber of this map. The assignment 
X Mx defines an exact functor Jl^''{B) Jlfi\Ei). The map ft is induced by 
this functor. We notice here that that the above constructions gives a short exact 
sequence of functors 

(7-3) j.plX ^ pIX ^ Mx 
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(7-4) 



Next, in order to describe a homotopy that fills the diagram (7-2) consider the 
following diagram of functors: 



C»(jx*plX,Ex) 



a(plX,EQ) 



a{Mx,Ei) 



(7-5) 



-> coker(7>,) 



a(PoX,Eo) 



C:(X,B)®p^^H,(Fo) 

additivity 



-> Cyl(;x.) 



Cone(jx,) 



gx 



Cyl(;-) 

additivity 



Cone(J^) 

additivity 



a(X,B)^H,{Fo) > a(X,B)®Cyl(;V„,) C(X, B) ® Cone(;V„.) 

The map jx* in this diagram is induced by the map of fibrations jx '■ p*qX p*^X. 
The complexes Cyl(7x*) and Cone(7x*) are, respectively, the mapping cylinder and 
the mapping cone of jx*- Similarly Cyl(7^) and Cone(j™) are the mapping cylinder 
and the mapping cone of the map 

;~ : C:(X, B) ®p,, H*{Fo) ^ CKX, B) ®p,, H*{F,) 

given by Proposition 4.10. Finally, CyKjlfg*) and Cone(y|fD«) are the mapping 
cylinder and the mapping cone, of the map jV^* : H*{Fo) — > H*(Fi). The horizon- 
tal maps are defined in the obvious way so that each row of the diagram forms a 
short exact sequence. 

All vertical maps are quasi-isomorphism. They are defined in the obvious way with 
the exception the map gx which is given as follows. By Proposition 4.10 we have 
a diagram 



C-tip^X, Eq) 



C*ip*,X,Ei) 



C'SX, B) ®p,, H*{Fo) > CiiX, B) , H*{Fi) 
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that commutes up to a chain homotopy. Using Lemma 7.2 we obtain from here a 
commutative diagram 



C,{plX,Eo) 



Jx. 



CylUx*) 



The map gx is the compostion of fip^^ and the inclusion 

The lowest vertical edges of in the diagram indicate a passage between chain com- 
plexes using additivity. This means the following construction. Since the map 7'^ 
preserves the homological filtrations on C'^{X,B) ®pQ^ H^{F()) and C'^{X,B) ®p^^ 
Ht{F\} the complexes Cyl(y^) and ConeCj'^) are endowed with induced filtrations. 
Each lowest vertical edge indicates a passage from the filtered chain complex to the 
direct sum of the filtration quotients. As usual, after passage to the induced maps 
A{B) — > K{Q) each additivity edge gives a homotopy obtained using Waldhausen's 
aditivity theorem. We note here that the additivity edges are related to one another 
as follows. The maps in the short exact sequence 

CM, B) ^p,, H^iFo) CylUx) ^ Cone(7~) 

preserve filtrations. Moreover, their restrictions to the filtration subcomplexes also 
form short exact sequences, and so do the induced maps of filtrations quotients. 
The bottom row of the diagram is the direct sum of these short exact sequences of 
these filtration quotients. 



Each vertex of in the diagram (7-5) induces a map A{B) — > K{Q). All vertical edges 
define homotopies of such maps. Concatenation of homotopies defined by right- 
most vertical edges gives a homotopy filling the diagram (7-2). This homotopy, 
together with the map defines the map /i : Wh^(B) — > Wh^(£'i). 

The existence of a homotopy between the maps Wh^(jE)|) and j*Wh^(/7Q) -1- /i 
follows directly from the above construction. The map 7*Wh^(7?Q) is defined by 
the map A(p-^) and the homotopy induced by the leftmost vertical edges in the 

diagram (7-5). The map Wh^^(p- ) is homotopic to the map defined by A(p|) and 
the homotopy induced by the middle vertical edges in (7-5). As we have already 
noticed applying Waldhausen's additivity theorem to the short exact sequence of 
functors (7-3) defines a homotopy between A{p-^) and j*A{p^^) + ff- In order to lift 

this homotopy to a homotopy between Wh^(;7- ) and j*V^h^{pQ)+fi it is enough to 
apply the additivity theorem to the horizontal short exact sequences in the diagram 
(7-5). 
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Construction of the map : Wh^(B) Wh^(£') proceeds in exactly the same 
way as construction of /i, with the cofibration E2 ^ E used in place of j. By 
the same argument as above we obtain a homotopy Wh^ip-) =^ /r,Wh^(p2) + /2- 
Finally, the fact that the maps and /2 are homotopic can be verified directly 
by inspecting the construction of f\ and /2 □ 

A statement analogous to Theorem 7.1 holds for the smooth secondary transfer. 
Given a smooth bundle p: E ^ B whose fibers are manifolds with a boundary by 
the vertical boundary of p we will understand the smooth bundle d^'p : d^'E — > B 
obtained by restricting p to the union of boundaries of its fibers. We have: 

7.3. Theorem. Let p: E — > B be a smooth bundle with closed fibers, and for 
/ = 0, 1, 2 let Pi . Ej ^ B be unipotent subbundles of p such that po is the vertical 
boundary of both p\ and p2, and that E - Ei Ueq E2. Then p is a unipotent bundle 
and we have 

[Wh?(;?')] = [/:uWh?(/7i)] + fc*Wh?(;?2)] - [^o*Wh?(/7o)] 
Here kj^ : Wh|^(£',-) — > Wh^(£') is induced by the map ki : £",- — > E. 

The proof of this fact is similar to the proof of Theorem 7.1. The main dif- 
ference is that instead of constructing homotopies of maps A{B) — > A{E) such 
as the one given in (7-4) we need to construct analogous homotopies of maps 
— > This can be done by arguments similar to these given in the 

proof of Theorem 7.1, but working in the categories of partitions (3.1) instead of 
categories of retractive spaces. 

8. Composition of unipotent fibrations 

Our next goal is to give a proof of Theorem 1.3. Recall that this theorem states 
that the smooth secondary transfer preserves compositions of unipotent bundles. 
We will also show that an analogous property holds for the homotopy secondary 
transfer of unipotent fibrations: 

8.1. Theorem. Ifp.E^B and q: D E are unipotent fibrations then 
WhJ((p^)') ^ Wh%') o WhJ(p') 

The statements of Theorems 1.3 and 8.1 rely on the fact that the composition of 
unipotent bundles (or unipotent fibrations) is again unipotent. While this property 
is implicitly present in the work of Igusa [9] we give its proof below for com- 
pleteness, and also because its main ingredient. Lemma 8.2, will be needed later 
on. 
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8.2. Lemma ([9, Lemma 8.9]). Let 

Fp^E^B 

be a unipotent fibration. There is a finite sequence of unipotent fibrations 
Eo > El > . . . + Ek 




such that 

(i) Eq = 1,'^Efor some n > 0; 

(ii) pk'- Ek ^ B is a rational homotopy equivalence; 

(iii) for every i we have a cofibration sequence over B: 

BxS"- ^ Ei^ Em 
(i.e. Em = EiUsxS". BxD"-^^). 

We denote here by — > B the «-fold fiberwise suspension of the fibration p, 
while B X S"' — > B and B x D"'^^ — > B are, respectively, a product sphere bundle 
and a product disc bundle. 



8.3. Theorem (Igusa). If q: D —> E and p: E ^ B are unipotent bundles ( resp. 
unipotent fibrations) then the composition pq: D ^ B is also a unipotent bundle 
(resp. a unipotent fibration). 

Proof. Let Fp, Fq, Fpq denote the fibers of p, q, pq, respectively. Since the only 
non-trivial property we need to verify is that the action of niB on H^{Fpq) is unipo- 
tent it is enough to show that the statement of the theorem holds for unipotent 
fibrations. We will split our argument into a few steps. 

Step 1. The fibration pq is unipotent for an arbitrary unipotent fibration p and any 
product fibration q: E x Fq ^ E. 

Indeed, in this case we have an isomorphism of /riB-modules 

H,(Fpq)^H,{Fp)^H,{Fq) 

where the action of k^B on the right hand side is given by a{x <^y) = ax®y. 

Step 2. The fibration pq is unipotent for an arbitrary unipotent fibration p.E^B 
and any fibration q: D ^ E with fiber Fq such that H*iFq) - 0. 
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This holds since the map (^If^^)* : Ht,{Fpq) — > Ht,{Fp) is in this case an isomor- 
phism of TT iB-modules. 

Step 3. For / = 0, 1 , 2 let p; : Ei — > be a fibration with a path connected base 
space B and fiber Ft of a finite homotopy type. Assume that we have maps of 
fibrations 

/ i 

El < — Eq — > E2 

where / is a cofibration over B. Let p : Ei Ueq £2 — > B be the pushout map. If three 
of the fibrations po, pi, p2, p aie unipotent then so is the fourth. 

This follows from the Mayer- Vietoris sequence for the homology of the fibers and 
the fact that unipotent TTiB-modules form a Serre category. 

Step 4. As an application of Step 3 we obtain that if p, q are unipotent fibrations 
and E^g : Z^D ^ £ is a fiberwise suspension of q then pq is a unipotent fibration 
iff pI^Eq is unipotent. 

Step 5. Assume now that p and q are arbitrary unipotent fibrations. Applying 
Lemma 8.2 to ^ we obtain a sequence of fibrations 

Do > Di > . . . 1 Dk 




We will show that pqi is a unipotent fibration for all /. In case of / = ^ this is 
a consequence of Step 2. Arguing inductively, assume that pqi+i is unipotent for 
some /. Since pqt+i is the pushout in the diagram of fibrations over B 

ExD"'^^ ^ExS"- -^Di 

and the fibrations E x D"''*'^ B, E x S"' B are unipotent by Step 1, we obtain 
using Step 3 that pqi is also a unipotent fibration. As a consequence we get that 
pqo is a unipotent fibration. Since qo is an iterated fiberwise suspension of q by 
Step 4 we obtain that pq is unipotent. □ 



9. Composition of secondary transfers 

In this section we prove Theorems 1.3 and 8.1. Our strategy will be as follows. 
First, in (9.1) and (9.2) we show that Theorem 8.1 holds in two special cases. Then 
we will use an argument of Igusa to show that the general statement of (8.1) follows 
from these special cases. Finally, we will show that essentially the same reasoning 
can be used to obtain a proof of Theorem 1.3. 
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9.1. Lemma. Let p: E —> B, q: D —> E be unipotent fibrations with fibers Fp and 
Fq respectively. IfHt^i^Fq) = then 



Proof. Let Fpq denote the fiber of pq. Recall (5.3) that the map Wh^((p<7)') is 
defined by the diagram 



A((pq)-) 

A{B) > A{D) 



KiO) 



which commutes up to the homotopy rjp^. One the other hand, the composition 
Wh?(^')Wh?(jp') is induced by the diagram 



A{p') A{q') 

A{B) > A{E) > A(D) 



ill 



The left square in this diagram commutes up to the homotopy 77^, and the right 
square comutes up to the homotopy 77^. It follows that the outer square, defining the 
map Wh^iq'jWh^ip ), commutes up to the homotopy obtained by concatenating 
riq o {A{p') X id/) with x{Fq)T] p. 

By (1 1.2) in order to obtain a homotopy between Wh^(^')Wh^(/7') and Wh^{{pq)-) 
it is enough to construct the following data: 

1) a homotopy HAip, q) : A{B) xl ^ A{D) between AHpq)-) and A{q-)A{p') ; 



2) a homotopy Hk : K{Q) xl ^ KiQ) between the maps xi^pq) and xiFq)xiFpy, 
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3) a homotopy of homotopies that fills the following diagram: 



(9-1) 



t o (A(p^) X id;) 



Hk(A''s X id;) 



A'l^A{{pq)') 



Each vertex of this diagram represents a map A(B) — > A'(Q) and edges represent 
homotopies of such maps. 

1) Construction of HA{p,q)- The map A{{pq) ) comes from the functor 'Rf''{B) 
32^^(0) that assigns to a retractive space X the space {pq)*X, while the composition 
A{q )A{p ) comes from the functor that sends X to q*p*X. The canonical isomor- 
phisms 

(pq)*X ^ q*p*X 

define a natural transformation of functors, and so they induce a homotopy between 
A{{pq)-) and A{q-)A{p-). This is the homotopy HA{p,q)- 

2) Construction of Hk- Recall that the maps w&xiPpq) induced 
by functors C//^(Q) C//'^(Q) than tensor a chain complex C by, respectively, 
H*iFp),HtiFq), and H^{Fpq). As a consequence the map xi^ q)x{P p) is induced 
by the functor that tensors C € Ql/'^{Q) by the chain complex H^,{Fp) ® H^,{Fq). 
Since H^{Fq) = we have an isomorphism 



H*(Fpq) H,{F„)^H,{Fp)®H,{Fq) 



This induces a natural isomorphism of functors 



)Ht{Fpq) 



^{H,{Fp)®H,{Fq)) 



which, in turn, defines the homotopy Hk- 



3) Construction of the homotopy of homotopies. In order to show that the diagram 
(9-1) can be filled by a homotopy of homotopies we will first replace it by the 
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underlying diagram of functors: 



C4q*P*X,D) -s- 



P, 



C:ip*X,E)®H4Fg) 



a((pqyX,D) 




C,{p*X,E)®H,{Fq) <r- 



y3, ®id 



a(p*x,E) ® 



CM, B) H,{Fp) ® H,(F,) < C:(X, B) H^F,,) < C^X, B) ®(^,), H,{Fp,) 



additivity 



additivity 



CM B) ® HMn) ® HMq) < CM, B) (8) HMp) < CM, B) ® HMpq) 



Each vertex of this diagram represents a functor 3i^'^(B) — > C//''(Q). The edges 
represent natural weak equivalences, with the exception of the lowest vertical edges 
where the passage between functors is obtained using additivity. The outer edges of 
this diagram correspond to the homotopies in the diagram (9-1). Since H^iFq) = 
the twisted tensor product of the fibration q*p*X p*X is just the untwisted tensor 
product C*(/7*X, E) (g) H^,{Fq). In effect the homotopy T]q o {A{p-) x id/) in (9-1) is 
induced simply by the the quasi-isomorphisms 



C.{q*p*X, D) ^ CUp*X, E) ® H,{Fq) ^ C,{p*X, E) ® H,{Fq) 



without using additivity. 

In order to show that the diagram (9-1) can be filled by a homotopy of homotopies 
it is enough to show that each of the subdiagrams in the above diagram of func- 
tors can be filled by a homotopy of homotopies. In the case of the subdiagrams 
(l)-(4) such homotopies of homotopies exist since subdiagrams (1) and (3) com- 
mute strictly and subdiagrams (2) and (4) commute up to natural chain homotopies. 
Homotopy commutativity of the subdiagram (2) follows from [4, (7.4)]. The sub- 
diagram (4) is homotopy commutative since it is obtained by applying Propositon 
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D > E 

pq 

' B 

Finally, the subdiagram (5) can be filled by a homotopy of homotopies since the 
maps 

C,{X,B)®(pq),H,{Fpq) ^ C,{X,B)®p,H,{Fp) A C,(X,B)®p,H,{Fp)m,{Fq) 

preserve the homological filtrations and induce isomorphisms on the filtration quo- 
tients. □ 

9.2. Lemma. Let p: E ^ B be a unipotent fibration and let q: ExS^ —^Ebe the 
product fibration with fiber S'"^ . Then 

WhJ((p^)') - WhJ(^') o Wh^(p') 

Proof. The basic outline of our argument is the same as in the proof of Lemma 9. 1 . 
The same comstruction as in the proof of that lemma gives a homotopy HA{p,q) 
between the maps A((p^)') and A{p^)A{q ). Next, we need a homotopy Hk between 
the maps xiPp x 5°) and x(.S^)x(.P p)- The first of these maps comes from the 
functor C i-> C ® H^iFp x 5*') while the second map is induced by the functor 
C C ® H^iFp) ® The isomorphism H{Fp) ® = H^{Fp x 5*') 

induces a natural isomorphism of the above functors, which in turn defines the 
homotopy Hk- 

As the result of these constructions we obtain a diagram of homotopies (9-1) (with 
Fq = and Fpq = Fp x S^). The remaining step is to show that this diagram 
can be filled by a homotopy of homotopies. The existence of such a homotopy 
of homotopies can be verified in a straightforward manner using the fact that for 
we have a commutative diagrams: 

C,{q*p*X, £ X S") = > C{p*X, E) ® //*(5°) 

C'SX, B) ®(pq), H(E X 5") {C{X, B) ^p, H,{Fp)) ® H,{S'') 



9.3. Igusa's argument. In [9] Igusa used Lemma 8.2 to show that two higher tor- 
sion invariants of unipotent bundles coincide. We will adapt this argument to prove 
Theorems 1.3 and 8.1. The main idea of Igusa's proof is to produce a "difference 
torsion", which is new invariant that measures the difference between the given two 
invariants of bundles, and then to show that this difference torsion vanishes for all 
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unipotent bundles. The essential properties of Igusa's difference torsion are encap- 
sulated in Definition 9.4. Proposition 9.5 spells out the conditions that guarantee 
its vanishing. 

9.4. Definition. Let B be a space of the homotopy type of a finite CW-complex, and 
let A be an abelian group. An additive homotopy B-invariant of unipotent fibrations 
with values in A is an assignment O that associates to each unipotent fibration 
p: E ^ B an element <l>(p) £ A and that satisfies the following conditions: 

(additivity) given maps of fibrations over B 

El < Eq > E2 




B 



where pi is a unipotent fibration for / - 0, 1 , 2, and j is a cofibration we 
have 

^(Pi P2) = ^(pi) + 0{p2) - O{po) 

(homotopy invariance) if unipotent fibrations : Ei B (i = 1,2) are 
fiberwise homotopy equivalent then (^{pi) = ^ip2)- 

9.5. Proposition. Let O in an additive homotopy B-invariant with values in A. 
Assume that 

• ^{p) = if p: B X 5" — > B a product fibration; 

• 0(p) = if the map p: E ^ B is a rational homotopy equivalence. 

Then ^{p) = for all unipotent fibrations p: E ^ B. 

Proof. First notice that 0(/7) = 0if/7:Bx/^^Bisa product fibration where 
F is either a disc or a sphere. Indeed, in the first case p is a. rational homotopy 
equivalence. If F is a sphere we can argue inductively starting with F = 5*' and 
using additivity. 

Next, let p : £■ — > B be a unipotent fibration. Applying Lemma 8.2 to p we obtain 
a sequence of fibrations 



(9-2) 
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Since p^^ is a rational homotopy equivalence we have (^{pu) - 0. Next, since pi is 
obtained as a pushout of pi-\ and product fibrations with disc and sphere fibers we 
can use additivity of <!> to get that 0(/7,) = <l)(p,_i). This gives 

= (D(p^) = ^{pk-i) = ■■■ = O(po) 

Finally, since po is an n-fold fiberwise suspension of p we can use additivity of <1) 
again to get 

<D(p) = (-l)"0(/7o) - 

□ 

9.6. Note. Igusa uses a slightly different variant of Proposition 9.5 that will be 
also useful to us later on. Namely, for a smooth compact manifold B consider 
an assignment O that satisfies additivity and homotopy invariance properties as in 
Definition 9.4, but is defined only for unipotent bundles over B. Then the statement 
of Proposition 9.5 still holds: if O vanishes on the product bundle B x 5" — > B and 
on bundles that are given by a rational homotopy equivalence then it vanishes on 
all unipotent bundles. The proof of this fact is essentially the same as the proof of 
Proposition 9.5 with two additional observations: 

• the homotopy invariance of O lets us define this invariant on all smoothable 
unipotent fibrations over B, i.e. all fibrations that are fiberwise homotopy equiva- 
lent to a unipotent bundle. 

• if p: E ^ B is a unipotent bundle then all fibrations appearing in the diagram 
(9-2) are smoothable [9, Lemma 8.6]. 



We are now ready to give 



Proof of Theorem 8.1. Letp: E 
commutative diagrams 



B,q: D — > £■ be unipotent fibrations. We have 



Wh^(S) 



A{B) 



wh;f (D) 



Wh^(S) 



Wh«(<?')Wh«(p^) 



Id 



'B 



ID 



Mipq)') 



A{B) 



A{q')A{p') 



By the same argument as in the proof of Lemma 9.1 we can construct a homotopy 
Ha{p, q) between the maps A{{pq)^) and A{q )A{p ) . By (1 1.3) this data defines a 
map ifip, q) : Wh^(B) Q.K(Q) such that [ip(p, q)] = iS Ha admits a Uft to a 
homotopy between Wh^iipq)') and Wh^{q-)Wh^{p'). 



Fix the fibration p: E —> B. Let (^p be the assignment that associates to a unipotent 
fibration q: D ^ E the homotopy class [(p{p,q)]. We claim that Op is an additive 
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homotopy ^-invariant with values in the group [Wh^{B), CIK{Q)] (9.4). In order 
to verify homotopy invariance of Op assume that we have a fiberwise homotopy 
equivalence 

/ 

Di > D2 



12 



We need to check that the maps (fi{p, q\) and (p{p, ^2) are homotopic. By Proposi- 
tion 6. 1 we can construct a homotopy 

//™ : Wh^(£) X / ^ WhJ(D2) 
between the maps f*^\^{q\) and Wh^((72). As a consequence the map 
^wh(E) :=^WME)^(wh?(;,')xid,) 

is a homotopy between /*Wh^(^- )Wh^(;?') and Wh^(^2)Wh^(/7'). On the other 
hand / is also a fiberwise homotopy equivalence of the tibrations pq\ and pq2, so 
we have a homotopy 

//^'^('^^ Wh>)x/^Wh?(D2) 

between the maps /*Wh^((;7^i)') and Wh^((;?^2)')- By the proof of Proposition 
6. 1 we also have a homotopy 

//^^^^ : A{B) X / ^ A{D2) 

between the maps f*A{{pqi)^) and A((p^2)') as well as a homotopy 

Hf"^ :=Hf-^^o{A{p')xidi) 

between f^A{q-^)A{p-) and A{q^:^)A{p-). All these homotopies fit into commutative 
diagrams 



wh;f (B) X / 

is X id/ 

A{B) X / 



Wh(B) 



Wh^(D2) 



A(B) 



A{D2) 



Wh'^iB) X / 

is X id/ 

A(B) X / 



H 



Wh(E) 



H' 



A(E) 



Wh^(D) 



'D7 



Consider the diagram 



Miipqiy-) 



(9-3) 



A((M2)') 



f.HA(p,qi) 



Ha(p, qi) 



M(q\)A(p') 



H' 



A{ql)A(p') 
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Each vertex of this diagram represents a map A{B) MDi) and edges repre- 
sent homotopies of such maps. This diagram is induced by diagram of functors 
Ol^'^(B) Jl^^iDj) and natural equivalences of such functors. It is straightforward 
to check that this underlying diagram of functors commutes. This implies that the 
diagram (9-3) can be filled by a homotopy of homotopies. This homotopy of ho- 
motopies can be interpreted as a homotopy between //^^^^ and H^^^\ By (11.3) 

this homotopy defines a map Wh^(B) x I Q.K{Q). One can check that this map 
determines a homotopy between ip{p,q\) and (p{p,q2). Additivity of can be 
verified in a similar way, using additivity of secondary transfers. 

By Lemma 9.1 and Lemma 9.2 we have <l)p(g) = if g is a product fibration or 
a rational homotopy equivalence. Proposition 9.5 implies then that [ipip, q)] = 
(^piq) = for any unipotent fibration q : D ^ E. □ 



Proof of Theorem 1.3. Let p: E —> B and q : D ^ E he unipotent bundles. The 
combinatorial construction of the Becker-Gottlieb transfer given in [2, 4.2] readily 
shows that there is homotopy Hq{p, q) between the maps Q{q )Q{p ) and QHpq)') 
such that we have a commutative diagram 

HQ{p,g) 

Q(B^) X / > QiD+) 



(9-4) 



flfi X id/ 



A{B) X / 



HAip,q) 



-^A{D) 



where HA(p,q) is the homotopy between A(q-)A(p-) and A((/7^)') constructed in 
the proof of Theorem 8. 1. 

By (11.3) the maps Wh?(<7')Wh?(p'), Wh^pq)') and the homotopy Hq define 
a map il/{p,q): Wh?(B) ^ QKiQ) such that Wh?(^')Wh?(p') WhJ((p<7)') if 
mp,q)]=0. 

It remains to show that [i//(p, q)] = for all unipotent bundles p, q. Consider the 
map '■ Wh^(B) Wh^(S) induced by the map of fibrations: 

Wh?(B) '-^ > Wh?(S) 

e(B+) > A{B) 
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The construction of the map ^{p,q) described in (11.3) combined with the com- 
mutativity of the diagram (9-4), gives 

ifj{p, q) ^ tp{p, q)bB 

where ip{p,q) is the map defined in the proof of Theorem 8.1. In that proof we 
showed that {ip{p, q)] - 0, so also {nl/{p, q)] - 0. □ 

10. Secondary transfer and smooth torsion 

In [2] and [1] (joint with B. Williams and J. Klein) we described a homotopy the- 
oretical construction of the smooth torsion of unipotent bundles and showed that it 
defines characteristic classes which coincide with the higher torsion invariants of 
Igusa and Klein. The construction of the smooth torsion of a bundle p: B ^ E 
proceeds as follows. Let tjb -B^ QiB+) denote the coaugmentation map. By [2, 
Theorem 6.7] the map 

AEQ(p )r]B: B ^ KiQ) 

is homotopic via a preferred homotopy a>p to the constant map. This defines a 

map T^ip) : B — > Wh^(£') which is a lift of Q{p')riB- The map r*(/j) is the smooth 
torsion of the bundle p. 

The secondary transfer of unipotent bundles described in this paper can be used 
to construct another map f %p) : B — > Wh^(£'). Namely, since the identity map 
ids . B ^ B can be considered as a unipotent bundle, it defines the smooth torsion 
T"(idB) : B Wh?(B). We set 

f\p) := Wh?(p')r^(idB) 

Our final goal in this paper is to prove Theorem 1.4 which says that for any unipo- 
tent bundle p the maps t\p) and f^p) are homotopic. We will also show that as 
a consequence the statement of Theorem 1.1 holds: for any pair of composable 
unipotent bundles p and q the higher torsion cohomology classes of p, q and pq 
are related by the formula (1-1). 

The proof of Theorem 1.4 will use the same scheme as the proof of the compo- 
sition formula of unipotent fibrations (Proposition 8.1). We will first show that 
this theorem holds when p is either a product bundle or it is a rational homotopy 
equivalence, and then we will use Igusa's argument (9.3) to extend this result to all 
unipotent bundles. 

10.1. Lemma. Let p: E —> B be a unipotent bundle. If p is either the product 
bundle with fiber S'^ or a rational homotopy equivalence then r^p) - f'\p). 

Proof. This follows essentially from [1, §6]. We proved there that if p: E —> B is 
a unipotent bundle that satisfies the assumptions of the Leray-Hirsch theorem then 
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the the quasi-isomorphisms 

C,{p*X) C,{X)®H,{Fp) 

given for X e 01^^ (B) by that theorem define a map 

Wh%(p-): Wh?(B) ^ Wh?(£) 

and that t\p) - Wh^^(;7')T^(idB). It is straightforward to check that if p is either a 
product bundle B x ^ B or a rational homotopy equivalence then Wh^^(p-) - 
Wh?(p!). □ 



Proof of Theorem 1.4. Both t\p) and t\p) are defined as hfts of the map 

Q{p )nB: B ^ Q{E^) 

As a consequence they define a map Q{p) : B — > D.K{Q) such that the homotopy 
class of the composition 

B ^ Q.K(Q) Wh?(£) 

coincides with the element [t\p)] - [f \p)] e [B,Wh^{E)]. It suffices to show that 
[g{p)]=Om[B,aKm. 

We claim that the assignment p [gip)] is an additive homotopy B-invariant 
of unipotent bundles with values in [B, Q.K{Q)] (9.6). Indeed, additivity of this 
assignment follows essentially from the additivity of the secondary transfer (7.3) 
and the additivity of the smooth torsion [1, Theorem 5,1]. Homotopy invariance 
can be verified using the fact that the construction of g{p) involves only chain 
complexes associated to p. Using Lemma 10.1 we obtain that [gip)] = if is 
either a product bundle or a rational homotopy equivalence. By Proposition 9.5 
and (9.6) we get then that [gip)] = for all unipotent bundles p. 



□ 



Proof of Theorem 1.1. Combining Theorems 1.4 and 1.3 we obtain the statement 
of Corollary 1.5: for any unipotent bundles p: E ^ B and q: D ^ E there is a 
homotopy 

T\pq) ^^h%')r\p) 

In [1, Theorem 7.1] an analogous decomposition of the smooth torsion of pq (in 
the case where g is a Leray-Hirsch bundle) was the main ingredient in the proof of 
the fact that the cohomological torsion of p and q satisfies the formula (1-1). The 
same argument can be now used to obtain the formula (1-1) for arbitrary unipotent 
bundles p and q. □ 
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11. Appendix: maps of homotopy fibers 



Multiple arguments in this paper involve constructions of maps between homotopy 
fibers as well as constructions of homo topics between such maps. We summarize 
here the basic scheme of such constructions. 

11.1. Maps of homotopy fibers. For a space X with a basepoint xq let I^^X denote 
the space of paths in X that start at xq. By the homotopy fiber of a map p: Y ^ X 
over xo we understand the standard construction 

hofib(;7);,„ {{aj,y) eP,,XxY\ oj{\) = p{y)} 

We will denote by iy : ho^{p)xQ — > Y the map given by jy(a>, y) - y. 

Assume that we have a diagram 




such that /(xo) - x'^. Given a homotopy h from fp to p' f we obtain a map 
/: hofib(p);co ^ \io&o{p')x'^ given by 

f{oj,y) := (f(o*hy, f(y)) 

Here hy denotes the path in X' defined by hy(t) - h(y, t), and * indicates concate- 
nation of paths. We have 

irf = fiy 

11.2. Homotopies of maps of homotopy fibers. Assume that that we have two 
diagrams: 



(11-1) 



that commute up to homotopies ho and hi, respectively. As a result we get two 
maps of the homotopy fibers: 

/o,/i : ho&)(p)xo hofibO'Vo 

In order to obtain a homotopy between these maps it suffices to construct the fol- 
lowing data: 





1) a homotopy H : 7x7^7' between fo and /i; 

2) a basepoint preserving homotopy H: Xxl ^ X' between fo and /i ; 
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3) a homotopy of homotopies between the two homotopies p' fo - f\p: the one 
given by concatenating p'H with hi and the one obtained by concatenating ho 
with H{p X id/): 

p'H 

P'fo > 7^71 

ho hi 
H{p X id/) 

Notice that giving such a homotopy of homotopies is equivalent to giving a map 

&:YxIxI^X' 

such that 0|yx|,)x/ = hi for j ^ 0,1, 0fx/x|O) = H{p x id/), and 0fx/x|1) = p'H. 
The homotopy H between /i and /2 is defined by: 

where Ht'. X ^ X' is given by Ht{x) = H{t, x) and Qyt is the path in X' given by 

11.3. An obstruction to lifting a homotopy. Assume again the we have two ho- 
motopy commutative squares (11-1) and that f^, f\ are the maps of homotopy fibers 
defined by these squares. Assume also that we have a homotopy H between /o and 
/i , and that we want to determine whether there exists a homotopy H between /i 
and f2 that fits into a commutative diagram 

\\ofih{p)^^ xl > hofib(p')x^ 

Yxl y Y' 

H 

In (11.2) we described data that suffices to construct such H, but here we are in- 
terested in a condition that is equivalent to the existence of this homotopy. We can 
describe such a condition as follows.^ 

Let Cp'. hofib(/7);co x / ^ X be the map given by Cp{{co,y),t) = a){t). This is 
a homotopy between the constant map into xq and the map piy. Consider the 



See also [15, Lemma 4.1] 
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following diagram: 



p'My 



P'Hiiyxid,) 



P'fiiy 



hiiy X id;) 



(iy, X id;) 



fopiy 



fiPh' 




Each vertex of this diagram represent a map hofib(p) vo — > X' and edges represent 
homotopies of such maps. Concatenating all homotopies appearing here we obtain 
a homotopy from the constant map into x'q to itself, or equivalently a map 



It is straightforward to verify that the map (fi is contractible iff there exists a homo- 
topy H such that the diagram (1 1-2) commutes. In other words the homotopy class 
of (p is an obstruction to lifting the homotopy ^ to a homotopy defined on the level 
of the homotopy fibers. 

Note. Let p' : {Y^y'^) (X', x'^) be a map of infinite loop spaces where x'q, y'^ are 
the trivial elements in X' and Y'. In this case the map tp has a simpler interpretation. 
Namely, let jy '■ O.X' hofib(/7')A^ be the map given by jyioj) - {(jj,yQ). The set 
of homotopy classes [hofibC;?);^^, hofib(p')jc^] has a structure of an abelian group 
and we have: 
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